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1 Decision making under uncertainty: Bayesian
inference

1.1 Lesson 1: introduction

Individuals make decisions using biased tools. Citing Kahneman and Tverski
we can say that many decisions are based on beliefs concerning the likelihood
of uncertain events such as the outcome of an election, [. . . ], the future value
of the dollar. These beliefs are usually expressed in statements such as I
think that . . . , chances are . . . , it is unlikely that . . . 1.

How do we make investment decisions? We know that investment managers
are biased when making investment decisions basing their beliefs on subjec-
tive views regarding their investment markets. Before delving into finance
again, let’s see how we can complement our set of tools with an objective tool
that significantly lowers the degree of bias in our cognitive processes.

Let’s take for example a school of English for children that wants to syner-
gistically combine its current business with English lessons for its students’
parents. Consider that the manager deems profitable giving lessons to par-
ents if the proportion of parents willing to enroll in the new courses for
adults is at least 30%.

The manager has a prior belief, based on her experience and perception,
that the proportion of parents interested in taking lessons for themselves is

1Amos Tverski and Daniel Kahneman, Judgement under uncertainty: Heuristics and
Biases, 1974, Science.
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between 10% and 40%. Though the manager expects the proportion to be
30%, she expresses all her uncertainty in the distribution of the proportion
of parents ready to start lessons pointing out that the probability that the
proportion q takes the projected values is according to the following:

q 10% 20% 30% 40%

P (Q = q) 0.25 0.25 0.25 0.25

Notice that the prior distribution the manager refers to is an uninformative
uniform distribution expressing no prior belief about the real proportion
q.

The manager then decides to sample 100 parents asking them if their ready
to start an English course for adults and finds out that 40 out of them
express their readiness to enroll. How does this outcome change our initial
opinion? Should the manager let the data speak for themselves and resolve
that the alternative can be really profitable counting with certainty that 40
out 100 parents will enroll in her new courses for adults? Or should she
retain some of the initial uncertainy of her own prior belief?

The outcome in this sampling experiment is a common marketing research
tool we refer to, in our bayesian inference exercise, as the likelihood and
is a piece of information we use to update our initial prior estimate. We
revert to Bayes’ theorem2 to estimate our posterior probability about the
proportion q of parents being ready to enroll (see Table 1). In this case our

q prior lik post
10% 0.25 2.47E-15 2.75E-14 ≈ 0.000
20% 0.25 2.32E-06 2.58E-05 ≈ 0.000
30% 0.25 8.49E-03 9.46E-02 = 0.095
40% 0.25 8.12E-02 9.05E-01 = 0.905

Table 1: Uninformative distribution

expected proportion of parents ready to take lessons should be, in light of
the likelihood given by the sample, E(p) = 0.391 ≈ 40%.

2Bayes’ theorem can be expressed as follows:

post ∝ prior× lik (1)

Or

P (A|B) =
P (B|A)P (A)

P (B)
(2)
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Thus, our sample of 100 parents raises the probability of success to almost
certainty (0.905) therefore erasing, as a matter of fact, our prior uncertainty
(0.25). But what if the manager still believes that it’s unlikely that the real
proportion of parents willing to enroll is 40%. The manager then has an
informative prior belief about the proportion of parents ready to start the
new lessons. Let’s say, for example, that q is not uniformally distributed
but that pessimistically is skewed to the lower bound of 10% according to
the following distribution:

q 10% 20% 30% 40%

P (Q = q) 0.40 0.30 0.20 0.10

Again, using Bayes’ theorem we can update our new prior with the sampled
likelihood as in Table 2 (the expected proportion would be E(p) = 0.383 ≈
40% .

q prior lik post
10% 0.4 2.47E-15 1.01E-13 ≈ 0.000
20% 0.3 2.32E-06 7.08E-05 ≈ 0.000
30% 0.2 8.49E-03 1.73E-01 = 0.173
40% 0.1 8.12E-02 8.27E-01 = 0.827

Table 2: Negative informative prior

This example shows how influential the likelihood is against uninformative
or informative (negative, as in this example, or positive) prior estimats.
In our simple school of English case, the manager should almost let the
data speak for themselves and actively pursue this very likely and profitable
opportunity. Before turning our attention to finance again, let’s assume
the sample reveals something else, like only 25% of parents are ready to
enroll.

q prior lik post
10% 0.25 8.97E-06 9.54E-05 ≈ 0.000
20% 0.25 4.39E-02 4.66E-01 = 0.466
30% 0.25 4.96E-02 5.27E-01 = 0.527
40% 0.25 6.27E-04 6.67E-03 ≈ 0.007

Table 3: Likelihood: 25% of parents are ready to enroll.

In this case, the expected proportion would be E(p) = 0.254 where the
probability the proportion p ≥ 0.30 would just be only 0.53.
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What if the sample instead of 100 parents were made up of just 10 parents
and we had found that 4 are ready to start the courses? Would this outcome
change our prior belief the same way as in our first example? The answer is
no.

q prior lik post
10% 0.25 0.0112 0.0203 = 0.020
20% 0.25 0.0881 0.1601 = 0.160
30% 0.25 0.2001 0.3637 = 0.364
40% 0.25 0.2508 0.4559 = 0.456

Table 4: Small size sample

In fact, if the sample is of small size (as in this case, see Table 4) the likeli-
hood would be too poor to confirm (or not to confirm) our expectation. In
fact, the sample size is determining the likelihood. In this case the prob-
ability that the proportion q is in fact 40% would just be 0.456 instead of
almost 0.90 in our first case.

To recap everything we can say that: the piece of information contained in
our sample (the likelihood) can be very important should we have a sample
of meaningful size, but if we had a large sample all the time, we wouldn’t
have to sample at all!

1.2 Summary

Estimating a population proportion is arguably the most visible form of
statistics. In our school of English case the manager wanted to estimate the
probability that the proportion of parents interested in the proposal would
meet her break-even requirements. Equipped with an uncertain prior be-
lief about the possible percentages, the manager uses a sampling survey to
gather updated information about her customer preferences. How does the
updated information (likelihood) change her prior opinion? We have seen
that the likelihood contained in the sample, under certain conditions regard-
ing the sample size, can be extremely useful for decision making purposes.
An objective approach (in this case Bayesian inference), able to reduce the
amount of subjectivity at the heart of behavioral biases, can help make
better investment decisions.
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